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H{shfwhg Xwlolw| Wkhru| zlwkrxw wkh Frpsohwhqhvv D{lrp
Mxdq Gxeud
Frzohv Irxqgdwlrq
\doh Xqlyhuvlw|
dqg
Xqlyhuvlgdg gh Prqwhylghr

Idelr Pdffkhurql
Lvwlwxwr gl Phwrgl Txdqwlwdwlyl
Xqlyhuvlwã Erffrql

Hih D1 Rn
Ghsduwphqw ri Hfrqrplfv
Qhz \run Xqlyhuvlw|
_

Mdqxdu|/ 5334

Devwudfw
Zh vwxg| d{lrpdwlfdoo| wkh sureohp ri rewdlqlqj dq h{shfwhg xwlolw| uhsuhvhqwdwlrq iru d
srwhqwldoo| lqfrpsohwh suhihuhqfh uhodwlrq ryhu orwwhulhv e| phdqv ri d vhw ri yrq Qhxpdqq0
Prujhqvwhuq xwlolw| ixqfwlrqv1 Lw lv vkrzq wkdw/ zkhq wkh sul}h vsdfh lv d frpsdfw phwulf vsdfh/
d suhihuhqfh uhodwlrq dgplwv vxfk d pxowl0xwlolw| uhsuhvhqwdwlrq surylghg wkdw lw vdwlvhv wkh
vwdqgdug d{lrpv ri h{shfwhg xwlolw| wkhru|1 Pruhryhu/ wkh uhsuhvhqwlqj vhw ri xwlolwlhv lv xqltxh
lq d zhoo0ghqhg vhqvh1
Nh|zrugv= H{shfwhg xwlolw|/ lqfrpsohwh suhihuhqfhv1
MHO Fodvvlfdwlrq qxpehuv= G44/ G;41

W Zh wkdqn Nlp Erughu/ Hulr Fdvwdjqrol/ Ihghulfr Hfkhqltxh/ Pdufr OlFdo}l/ Pdvvlpr Pdulqdffl/ Wdsdq Plwud/
Slhur Pxolhuh/ Doiuhg P oohu/ Pdufr Vfduvlql/ Gdylg Vfkphlgohu/ dqg Vulqlydvd Ydudgkdq iru wkhlu ydoxdeoh frpphqwv1
Vxssruw iurp wkh F1Y1 Vwduu Fhqwhu iru Dssolhg Hfrqrplfv dw Qhz \run Xqlyhuvlw|/ P1X1U1V1W1 dqg Xqlyhuvlwã
Erffrql lv dovr judwhixoo| dfnqrzohgjhg1
Fruuhvsrqghqfh dgguhvv= Ghsduwphqw ri Hfrqrplfv/ 59< Phufhu Vw1/ :wk rru/ Qhz \run Xqlyhuvlw|/ Q\/ Q\
433361

_
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Lqwurgxfwlrq

Wkh yrq Qhxpdqq0Prujhqvwhuq h{shfwhg xwlolw| wkhruhp lv rqh ri wkh prvw ixqgdphqwdo uhvxowv ri
wkh wkhru| ri lqglylgxdo ghflvlrq pdnlqj1 Lw vkrzv wkdw d suhihuhqfh uhodwlrq ghqhg rq d orwwhu|
vsdfh kdv dq h{shfwhg xwlolw| uhsuhvhqwdwlrq/ surylghg wkdw lw lv d frpsohwh dqg wudqvlwlyh elqdu|
uhodwlrq wkdw vdwlvhv wkh vwdqgdug lqghshqghqfh dqg frqwlqxlw| d{lrpv1 Jlyhq wkh lpsruwdqfh ri
wklv uhvxow/ lw lv qrw vxusulvlqj wkdw wkhuh lv d odujh qxpehu ri vwxglhv wkdw lqyhvwljdwh lwv dowhudwlrqv
zklfk dulvh gxh wr wkh uhod{dwlrq ri lwv ydulrxv srvwxodwhv1 Krzhyhu/ rqo| ihz ri wkhvh vwxglhv irfxv
rq wkh frpsohwhqhvv dvvxpswlrq> lw lv suhvhqwo| qrw nqrzq li wkhuh lv d uhdvrqdeoh zd| ri prgli|lqj
wkh h{shfwhg xwlolw| wkhruhp wr lqfoxgh lqfrpsohwh suhihuhqfhv zlwklq lwv fryhudjh1 Rxu remhfwlyh
lv wr rhu d uhphg| iru wklv vlwxdwlrq1
Ehiruh vwdwlqj pruh fduhixoo| rxu jrdo dqg wkh frqwulexwlrq wkhuhri/ ohw xv qrwh wkdw wkhuh duh
vhyhudo hfrqrplf uhdvrqv zk| rqh zrxog olnh wr vwxg| lqfrpsohwh suhihuhqfh uhodwlrqv1 Iluvw ri doo/
dv dgydqfhg e| vhyhudo dxwkruv lq wkh olwhudwxuh/ lw lv qrw hylghqw li frpsohwhqhvv lv d ixqgdphqwdo
udwlrqdolw| whqhw wkh zd| wkh wudqvlwlylw| surshuw| lv1 Dxpdqq +4<95,/ Ehzoh| +4<;9, dqg Pdqgohu
+4<<<,/ dprqj rwkhuv/ ghihqg wklv srvlwlrq yhu| vwurqjo| iurp erwk wkh qrupdwlyh dqg srvlwlyh
ylhzsrlqwv1 Lqghhg/ li rqh wdnhv wkh sv|fkrorjlfdo suhihuhqfh dssurdfk +zklfk ghulyhv fkrlfhv iurp
suhihuhqfhv,/ dqg qrw wkh uhyhdohg suhihuhqfh dssurdfk/ lw vhhpv qdwxudo wr ghqh d suhihuhqfh
uhodwlrq dv d srwhqwldoo| lqfrpsohwh suhrughu/ wkhuhe| doorzlqj iru wkh rffdvlrqdo lqghflvlyhqhvv
ri wkh djhqwv1 Vhfrqgo|/ wkhuh duh hfrqrplf lqvwdqfhv lq zklfk d ghflvlrq pdnhu lv lq idfw frpsrvhg
ri vhyhudo djhqwv hdfk zlwk d srvvleo| glvwlqfw remhfwlyh ixqfwlrq1 Iru lqvwdqfh/ lq frdolwlrqdo
edujdlqlqj jdphv/ lw lv lq wkh qdwxuh ri wklqjv wr vshfli| wkh suhihuhqfhv ri hdfk frdolwlrq e| phdqv
ri d yhfwru ri xwlolw| ixqfwlrqv +rqh iru hdfk phpehu ri wkh frdolwlrq,/ dqg wklv uhtxluhv rqh wr ylhz
wkh suhihuhqfh uhodwlrq ri hdfk frdolwlrq dv dq lqfrpsohwh suhihuhqfh uhodwlrq1 Wkh vdph uhdvrqlqj
dssolhv wr vrfldo fkrlfh sureohpv> diwhu doo/ wkh prvw frpprqo| xvhg vrfldo zhoiduh rughulqj lq
hfrqrplfv/ wkh Sduhwr grplqdqfh/ lv dq lqfrpsohwh suhrughu1 Ilqdoo|/ zh qrwh wkdw lqfrpsohwh
suhihuhqfhv doorz rqh wr hqulfk wkh ghflvlrq pdnlqj surfhvv ri wkh djhqwv e| surylglqj urrp iru
lqwurgxflqj wr wkh prgho lpsruwdqw ehkdylrudo wudlwv olnh vwdwxv txr eldv/ orvv dyhuvlrq/ surfhgxudo
ghflvlrq pdnlqj/ hwf1
Vlqfh wkhvh lvvxhv duh glvfxvvhg dw ohqjwk lq wkh olwhudwxuh/ zh vkdoo qrw glvfxvv wkh srwhqwldo
lpsruwdqfh ri lqfrpsohwh suhihuhqfhv iru hfrqrplf prgholqj dw odujh/ exw udwkhu surfhhg wr glvfxvv
krz rqh pd| kdqgoh wkh sureohp ri dfwxdoo| uhsuhvhqwlqj vxfk suhihuhqfhv14 Fxulrxvo|/ wkh edvlf
lghd kdv douhdg| ehhq vxjjhvwhg/ doehlw hoxvlyho|/ e| yrq Qhxpdqq dqg Prujhqvwhuq +4<77/ ss1
4<053,=
4

D forvho| uhodwhg lvvxh zdv vwxglhg e| Dxpdqq +4<95, dqg Ndqqdl +4<96,1 Wkhvh dxwkruv zhuh lqwhuhvwhg lq qglqj
dq h{whqvlrq ri dq lqfrpsohwh suhihuhqfh uhodwlrq ghqhg ryhu orwwhulhv wkdw dgplwv dq h{shfwhg xwlolw| uhsuhvhqwdwlrq1
Xqiruwxqdwho|/ dv dovr qrwhg e| Pdmxpgdu dqg Vhq +4<:9,/ wklv dssurdfk idoov vkruw ri |lhoglqj d uhsuhvhqwdwlrq
wkhruhp/ iru lw grhv qrw fkdudfwhul}h wkh suhihuhqfh uhodwlrqv xqghu frqvlghudwlrq1 Sxw glhuhqwo|/ wkh Dxpdqq0Ndqqdl
dssurdfk idlov wr fdswxuh wkh lqghflvlyhqhvv uhjlrq ri dq lqglylgxdo/ dqg khqfh surylghv rqo| sduwldo lqirupdwlrq derxw
wkh dvvrfldwhg fkrlfh ehkdylru1 Pruh rq wklv lq Uhpdun 5 ehorz1

5

111 Zh kdyh frqfhghg wkdw rqh pd| grxew zkhwkhu d shuvrq fdq dozd|v ghflgh zklfk
ri wzr dowhuqdwlyhv 111 kh suhihuv1 Li wkh jhqhudo frpsdudelolw| dvvxpswlrq lv qrw pdgh/
d pdwkhpdwlfdo wkhru| 111 lv vwloo srvvleoh1 Lw ohdgv wr zkdw pd| eh ghvfulehg dv d pdq|0
glphqvlrqdo yhfwru frqfhsw ri xwlolw|1 Wklv lv d pruh frpsolfdwhg dqg ohvv vdwlvidfwru|
vhw0xs/ exw zh gr qrw sursrvh wr wuhdw lw v|vwhpdwlfdoo| dw wklv wlph15
Lq hydoxdwlrq ri wklv vwdwhphqw/ Dxpdqq +4<95/ s1 77<, qrwhv wkdw 111 Ghwdlov zhuh qhyhu sxeolvkhg1
Zkdw wkh| suredeo| kdg lq plqg zdv vrph nlqg ri pdsslqj iurp wkh vsdfh ri orwwhulhv wr d fdqrqlfdo
sduwldoo| rughuhg hxfolghdq vsdfh/ 111 exw lw lv qrw fohdu wr ph krz wklv dssurdfk fdq eh zrunhg
rxw1 Rxu remhfwlyh khuh lv dfwxdoo| qrwklqj rwkhu wkdq irupdol}lqj Dxpdqq*v lqwhusuhwdwlrq ri wkh
yrq Qhxpdqq0Prujhqvwhuq vxjjhvwlrq1
Wr pdnh wklqjv d elw pruh suhflvh/ ohw xv ghqrwh e| [ wkh vhw ri fhuwdlq sul}hv/ dqg frqvlghu
d suhihuhqfh uhodwlrq ( zklfk lv ghqhg dv d +srwhqwldoo| lqfrpsohwh, suhrughu rq wkh vhw ri doo
orwwhulhv rq [= Lw lv reylrxv wkdw rqh fdqqrw uhsuhvhqw ( lq wkh vwdqgdug zd| e| xvlqj d vlqjoh yrq
Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrq/ li ( lv dfwxdoo| lqfrpsohwh1 Exw rqh pd| gr vr e| phdqv
ri d vhw ri xwlolw| ixqfwlrqv ghqhg rq [= Wkxv wkh uhsuhvhqwdwlrq qrwlrq zh vxjjhvw uhtxluhv rqh
wr frph xs zlwk d vhw X ri uhdo ixqfwlrqv rq [ vxfk wkdw/ iru doo orwwhulhv s dqg t>
s(t

li dqg rqo| li

HR +x,  H^ +x,

iru doo x 5 X

zkhuh Ho +x, vwdqgv iru wkh h{shfwdwlrq ri x zlwk uhvshfw wr wkh orwwhu| u @ s> t= Zh duh/ wkhq/
lqwhuhvwhg lq rewdlqlqj dq h{shfwhg pxowl0xwlolw| uhsuhvhqwdwlrq iru lqfrpsohwh suhihuhqfh uhodwlrqv1
Wklv vhhpv wr fruuhvsrqg zhoo wr wkh lqwxlwlrq lqglfdwhg lq wkh yrq Qhxpdqq0Prujhqvwhuq dqg
Dxpdqq txrwdwlrqv jlyhq deryh1
D forvh uhodwlyh ri wkh deryh uhsuhvhqwdwlrq frqfhsw lv dfwxdoo| vxjjhvwhg dovr e| Vkdsoh| dqg
Edxfhoov +4<<;, +vhh Uhpdun 6 ehorz,/ dqg lv vwxglhg lq wkh frqwh{w ri xwlolw| wkhru| xqghu fhuwdlqw|
e| Rn +4<<<,1 Wklv frqfhsw fohduo| fduulhv d vwrfkdvwlf grplqdqfh dyru/ dqg khqfh eulqjv wkh
h{shfwhg xwlolw| wkhru| rqh vwhs forvhu wr wkh wkhru| ri vwrfkdvwlf rughuv1 6 Pruh jhqhudoo|/ wklv
sduwlfxodu irupxodwlrq ri xwlolw| uhsuhvhqwdwlrq wlhv wkh h{shfwhg xwlolw| wkhru| wr wkh wkhru| ri pxowl0
remhfwlyh ghflvlrq pdnlqj1 Zkloh wklv olqn lv riwhq vxjjhvwhg wr prwlydwh wkh vwxg| ri lqfrpsohwh
suhihuhqfhv +dv lq wkh frdolwlrqdo edujdlqlqj h{dpsoh,/ dq d{lrpdwl}dwlrq ri wkh uhsuhvhqwdwlrq zh
vxjjhvw khuh zloo fohduo| pdnh wkh frqqhfwlrq d frqfuhwh rqh1 Zkdw lv pruh/ vxfk dq d{lrpdwl}dwlrq
vkhgv oljkw lqwr wkh uroh ri wkh frpsohwhqhvv dvvxpswlrq lq wkh fodvvlfdo h{shfwhg xwlolw| wkhruhp1
Iru doo sudfwlfdo sxusrvhv/ rxu dssurdfk vkrzv suhflvho| krz wklv wkhruhp prglhv lq wkh devhqfh
ri wkh frpsohwhqhvv d{lrp1
Sxw frqfuhwho|/ zh irfxv lq wklv sdshu rq wkh fdvh lq zklfk [ lv d frpsdfw phwulf vsdfh/ dqg
suryh wkdw wkh vwdqgdug lqghshqghqfh d{lrp dqg d plog vwuhqjwkhqlqj ri wkh vwdqgdug frqwlqxlw|
5

Dovr txrwhg lq Dxpdqq +4<95, dqg Ylqg +5333,1
Lq idfw/ wkh suhrughuv wkdw dgplw vxfk d yhfwru0ydoxhg uhsuhvhqwdwlrq duh fdoohg lqwhjudo vwrfkdvwlf rughuv +Zklww/
4<;9,/ dqg kdyh ehhq vwxglhg h{whqvlyho| lq wkh olwhudwxuh rq dssolhg suredelolw|> vhh/ lqwhu dold/ Prvohu dqg Vfduvlql
+4<<7, 0 zklfk lv dq dqqrwdwhg eleolrjudsk| 0/ Vkdnhg dqg Vkdqwklnxpdu +4<<7,/ dqg P oohu +4<<:,1 Wr wkh ehvw ri
rxu nqrzohgjh/ krzhyhu/ wkh lqwhjudo vwrfkdvwlf rughuv duh vr idu qrw lqyhvwljdwhg d{lrpdwlfdoo|1
6

6

surshuw| vx!fh wr |lhog dq h{shfwhg pxowl0xwlolw| uhsuhvhqwdwlrq lq whupv ri frqwlqxrxv xwlolw|
ixqfwlrqv1 Lq wkh vhtxho/ zh vkdoo dovr ghwhuplqh lq zkdw vhqvh vxfk d uhsuhvhqwdwlrq pd| eh
uhjdughg dv xqltxh/ vkrz krz lw fdq eh vwuhqjwkhqhg lq wkh fdvh ri prqhwdu| orwwhulhv/ dqg glvfxvv
wkh srwhqwldo gl!fxowlhv lq h{whqglqj wkh suhvhqw dssurdfk wr d pruh jhqhudo fodvv ri sul}h vsdfhv1

5

H{shfwhg Pxowl0Xwlolw| Uhsuhvhqwdwlrq

Zh wdnh dq duelwudu| phwulf vsdfh [ dv wkh vhw ri doo fhuwdlq sul}hv +ghjhqhudwh orwwhulhv,/ dqg ohw
FK +[, vwdqg iru wkh vhw ri doo frqwlqxrxv dqg erxqghg uhdo pdsv rq [> uhvshfwlyho|1 Wkh vhw ri doo
Eruho suredelolw| phdvxuhv +orwwhulhv, ryhu [ lv ghqrwhg e| S+[,= Lq wxuq/ zh ohw fd+[, vwdqg iru
wkh vhw ri doo qlwh Eruho vljqhg phdvxuhv rq [> wkdw lv/
fd+[, =@ vsdq +S+[,,=
U
Lw lv zhoo nqrzq wkdw +FK +[,> fd+[,, lv d gxdo sdlu xqghu wkh gxdolw| pds +i> , :$ f ig= Zh
wkxv hqgrz FK +[, zlwk wkh zhdn wrsrorj| dqg fd+[, zlwk wkh zhdnW 0wrsrorj| lqgxfhg e| wklv
gxdo sdlu vwuxfwxuh17 Lw lv zruwk qrwlqj wkdw wklv zhdnW 0wrsrorj| rq fd+[, lqgxfhv rq S+[, wkh
wrsrorj| ri zhdn frqyhujhqfh iru suredelolw| phdvxuhv1
Wkh pdlq uhsuhvhqwdwlrq wkhruhp ri wklv sdshu zloo eh rewdlqhg xqghu wkh dvvxpswlrq wkdw [ lv
frpsdfw1 Zkhq wklv dvvxpswlrq lv srvlwhg/ zh vkdoo zulwh F+[, iru FK +[,= Vlqfh fd+[, +qruphg
e| wkh wrwdo yduldwlrq qrup, lv lvrphwulfdoo| lvrprusklf wr wkh wrsrorjlfdo gxdo ri F+[, +qruphg e|
wkh vxs0qrup,/ wkh zhdn dqg zhdnW 0wrsrorjlhv rq F+[, dqg fd+[, lqgxfhg e| wkh deryh phqwlrqhg
gxdo sdlu vwuxfwxuh duh vlpso| wkh vwdqgdug zhdn dqg zhdnW 0wrsrorjlhv1
Zh ghqh d suhihuhqfh uhodwlrq dv dq| uh h{lyh dqg wudqvlwlyh elqdu| uhodwlrq rq S+[,= Wklv
vkrxog eh frqwudvwhg zlwk wkh vwdqgdug wkhru| lq zklfk d suhihuhqfh uhodwlrq lv dvvxphg dovr wr eh
frpsohwh1 Wr vwuhvv wklv srlqw/ zh qrwh wkdw wkh uvw rughu vwrfkdvwlf grplqdqfh rughulqj +ghqhg
rq U, lv d suhihuhqfh uhodwlrq lq wkh jhqhudo vhqvh ri wkh whup dgrswhg khuh/ zkloh wklv lv qrw wkh
fdvh lq wkh vwdqgdug wkhru|1
Wkh wzr ixqgdphqwdo srvwxodwhv ri wkh h{shfwhg xwlolw| wkhru| duh wkh lqghshqghqfh dqg wkh
frqwlqxlw| d{lrpv zklfk zh vwdwh irupdoo| qh{w1
Lqghshqghqfh D{lrp1 Iru dq| s> t> u 5 S+[, dqg dq|  5 +3> 4,>
s(t

lpsolhv

s . +4  ,u ( t . +4  ,u=

7

Iru frqfuhwhqhvv/ zh uhfdoo wkdw/ xqghu wkhvh wrsrorjlhv/ d qhw E>k  lq S@Ef frqyhujhv wr > M S@Ef +ghqrwhg
U
U

>k < >, l f s _>k < f s _> iru doo s M K Ef Rq wkh rwkhu kdqg/ d qhw Esk  lq K Ef frqyhujhv wr s M K Ef
U
U

+ghqrwhg sk < s , l f sk _> < f s _> iru doo > M S@Ef +Vhh Dolsudqwlv dqg Erughu +4<<<,/ ss1 5390:1,

7

Frqwlqxlw| D{lrp18 Iru dq| frqyhujhqw vhtxhqfhv +s? , dqg +t? , lq S+[,/
s? ( t? iru doo q

lpso|

olp s? ( olp t? =

Zkloh/ dv qrwhg lq wkh Lqwurgxfwlrq/ wkh vljqlfdqfh ri lqfrpsohwh suhihuhqfh uhodwlrqv lv qrwhg
lq wkh olwhudwxuh/ d ghqlwlyh h{shfwhg xwlolw| uhsuhvhqwdwlrq iru vxfk suhrughuv lv |hw wr eh irxqg1
Wkh uvw lvvxh rq wklv uhjdug lv wr djuhh rq d uhsuhvhqwdwlrq qrwlrq iru d suhihuhqfh uhodwlrq (
zklfk qhhg qrw eh frpsohwh1 Jlyhq wkh zhoo0nqrzq fkdudfwhul}dwlrq ri wkh vwrfkdvwlf grplqdqfh
rughulqjv lq whupv ri olqhdu ixqfwlrqdov wkdw srvvhvv dq h{shfwhg xwlolw| irup/ zh zrxog olnh wr
sursrvh khuh d pxowl0xwlolw| uhsuhvhqwdwlrq iru vxfk d suhrughu1 Sxw pruh suhflvho|/ zh vhhn khuh d
vhw X ri xwlolw| ixqfwlrqv rq [ vxfk wkdw
]
]
xgs 
xgt iru doo x 5 X
+4,
s ( t li dqg rqo| li

f

f

iru doo s> t 5 S+[,= Dv glvfxvvhg deryh/ wklv lv d vrphzkdw qdwxudo qrwlrq ri dq lqwhjudo pxowl0xwlolw|
uhsuhvhqwdwlrq/ dqg lw lv lqghhg vxlwdeoh iru dssolfdwlrqv1 Lwv dsshdolqj qdwxuh lv dovr qrwhg uhfhqwo|
e| Vkdsoh| dqg Edxfhoov +4<<;,/ Gxeud dqg Rn +4<<<,/ dqg Plwud dqg Rn +5333,1
Wkh pdlq uhvxow ri wklv sdshu vwdwhv wkdw dq| suhihuhqfh uhodwlrq wkdw vdwlvhv wkh lqghshqghqfh
dqg frqwlqxlw| d{lrpv dgplwv dq h{shfwhg pxowl0xwlolw| uhsuhvhqwdwlrq/ surylghg wkdw wkh sul}h
vsdfh [ lv frpsdfw1 Wklv uhvxow lv suryhg qh{w1
H{shfwhg Pxowl0Xwlolw| Wkhruhp1 Ohw [ eh d frpsdfw phwulf vsdfh/ dqg ohw ( eh d suhihuhqfh
uhodwlrq rq S+[,= ( vdwlvhv wkh lqghshqghqfh dqg frqwlqxlw| d{lrpv li/ dqg rqo| li/ wkhuh h{lvwv
d vhw X  F+[, vxfk wkdw +4, krogv iru hdfk s> t 5 S+[,=
Surri1 Wkh qhfhvvlw| ri wkh d{lrpv iru wkh uhsuhvhqwdwlrq lv hdv| wr yhuli|> zh vkdoo udwkhu
irfxv khuh rq wkhlu vx!flhqf|1 Ohw ( vdwlvi| wkh lqghshqghqfh dqg frqwlqxlw| d{lrpv1 Wkh lghd ri
wkh surri vwhpv iurp wkh iroorzlqj wzr hohphqwdu| revhuydwlrqv19
Fodlp 41 Iru dq| s> t 5 S+[, dqg dq|  5 +3> 4`/ s . +4  ,u ( t . +4  ,u lpsolhv s ( t1
Surri ri Fodlp 41 Ohw s> t 5 S+[, dqg  5 +3> 4` eh vxfk wkdw s . +4  ,u ( t . +4  ,u1
Ohw

 =@ vxs i 5 ^3> 4` = s . +4  ,u ( t . +4  ,uj =
Fohduo| 
   A 31 Xvlqj wkh frqwlqxlw| ri ( lw lv hdvlo| yhulhg wkdw 
 s . +4  
 ,u ( 
 t . +4  
 ,u=
4
dqg revhuyh wkdw wkh lqghshqghqfh d{lrp |lhogv
Qrz vhw  =@
4.

 +
s . +4  
 ,u, . +4  , s (  +
t . +4  
 ,u, . +4  , s @  +
s . +4  
 ,u, . +4  , t
(  +
t . +4  
 ,u, . +4  , t
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Lq wkh olwhudwxuh wkh iroorzlqj zhdnhu surshuw| lv vrphwlphv xvhg +Judqgprqw +4<:5,,= Iru doo ^ M Ef/ wkh
vhwv tR G R ( ^ dqg tR G ^ ( R duh forvhg lq Ef1 Zh gr qrw nqrz li wkh pdlq wkhruhp ri wklv sdshu fdq eh suryhg
zlwk wklv zhdnhu frqwlqxlw| frqglwlrq/ h{fhsw lq wkh fdvh zkhuh f lv d qlwh vhw1 Frqfhswxdoo| vshdnlqj/ krzhyhu/
wkhuh lv hylghqwo| olwwoh glhuhqfh ehwzhhq wkh wzr frqwlqxlw| frqglwlrqv1 Lq idfw/ vrph wh{werrnv +vxfk dv Pdv0Frohoo/
Zklqvwrq dqg Juhhq +4<<8,, ghqh wkh frqwlqxlw| d{lrp suhflvho| dv zh gr khuh1
9
Erwk ri wkhvh revhuydwlrqv zhuh qrwhg uvw lq dq xqsxeolvkhg sdshu e| Vkdsoh| dqg Edxfhoov +4<<;,1 Zh lqfoxgh
wkhlu surriv khuh iru frpsohwhqhvv1
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4

5

4

5

5

s.
u(
t.
u= Exw e| ghqlwlrq ri 
/

 / wkdw lv/ 
2  
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4.
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Vlqfh 
 A 3/ wkhuhiruh/ zh kdyh 
 @ 4/ dqg khqfh wkh suhylrxv revhuydwlrq jlyhv s ( t1 n

vr wkdw

Fodlp 51 Iru dq| s> t 5 S+[,> zh kdyh s ( t li/ dqg rqo| li/ wkhuh h{lvw d  A 3 dqg u> v 5 S+[,
zlwk u ( v dqg s  t @  +u  v, =
Surri ri Fodlp 51 Wdnh dq|  A 3 dqg u> v 5 S+[, vxfk wkdw u ( v dqg s  t @  +u  v, =
Revhuyh wkdw wkh lqghshqghqfh d{lrp jlyhv
4

4

4

s.
v@
t.
u(
t.
v=
4.
4.
4.
4.
4.
4.
Dsso|lqj Fodlp 4/ s ( t rewdlqv1 Wkh frqyhuvh fodlp lv wulyldo1 n
Qrz ghqh
F+(, =@ i+s  t, =  A 3 dqg s ( tj =
Wkh lpsruwdqfh ri wklv vhw vwhpv iurp wkh iroorzlqj revhuydwlrq1:
Fodlp 61 F+(, lv d frqyh{ frqh lq fd+[, vxfk wkdw s ( t l s  t 5 F+(,1;
Surri ri Fodlp 61 Zkloh wkdw F+(, lv d frqh lv wulyldo/ lwv frqyh{lw| iroorzv iurp wkh lqghshq0
ghqfh d{lrp> zh rplw wkh urxwlqh ghwdlov1 Wkh vhfrqg fodlp lv/ rq wkh rwkhu kdqg/ dq lpphgldwh
frqvhtxhqfh ri Fodlp 51 n
Fodlp 71 F+(, lv zhdnW 0forvhg1
Surri ri Fodlp 71 Zh vkdoo uvw vkrz wkdw F+(, lv vhtxhqwldoo| zhdnW 0forvhg1 Wdnh wkhq d
vhtxhqfh +? +s?  t? ,, lq F+(,> dqg dvvxph wkdw +? +s?  t? ,, frqyhujhv lq fd+[, lq wkh zhdnW 0
U
wrsrorj|1 Wkhq/ e| ghqlwlrq/ f ig+? +s?  t? ,, pxvw eh d frqyhujhqw uhdo vhtxhqfh iru doo
U
i 5 F+[,> zklfk lpsolhv wkdw vxsi f ig+? +s?  t? ,, = q @ 4> 5> ===j lv qlwh1 E| wkh Edqdfk0
Vwhlqkdxv wkhruhp/ wkhuhiruh/ wkhuh h{lvwv d uhdo qxpehu N vxfk wkdw
n? +s?  t? ,n  N>

q @ 4> 5> ===

+5,

Qrz/ e| xvlqj wkh Mrugdq ghfrpsrvlwlrq wkhruhp/ zh fdq zulwh s?  t? @  ? +u?  z? , iru wzr
pxwxdoo| vlqjxodu u? > z? 5 S+[, vxfk wkdw u? ( z? dqg  ?  3= E| pxwxdo vlqjxodulw|/ nu?  z? n @
5= Exw wkhq
n? +s?  t? ,n @ n?  ? +u?  z? ,n @ ?  ? n+u?  z? ,n @ 5?  ?
vr wkdw/ e| +5,/ zh pd| frqfoxgh wkdw +?  ? , lv d uhdo vhtxhqfh wkdw olhv lq wkh forvhg lqwhu0
ydo ^3> N@5`= Wklv vhtxhqfh pxvw wkhq kdyh d frqyhujhqw vxevhtxhqfh +?&  ?& ,= Exw vlqfh [ lv
:

Zh qrwh wkdw wkh vljqlfdqfh ri wkh vhw E( iru h{shfwhg xwlolw| wkhru| zlwkrxw wkh frpsohwhqhvv d{lrp zdv
revhuyhg uvw e| Dxpdqq +4<95,1 Olnh wkdw ri Dxpdqq/ wkh sulpdu| hohphqw ri wkh dssurdfk zh dgrsw khuh lv wkh
lqyhvwljdwlrq ri wkh jhrphwu| ri E( Wklv dssurdfk lv dovr dgrswhg e| d qxpehu ri dxwkruv lq wkh olwhudwxuh/ dprqj
zklfk duh Ndqqdl +4<96,/ Ilvkexuq +4<:8,/ Ehzoh| +4<;9,/ Vkdsoh| dqg Edxfhoov +4<<;,/ dqg Ylqg +5333,1
;
Lq wklv sdshu e| d frqyh{ frqh +lq dq| yhfwru vsdfh, zh phdq d qrqhpsw| frqyh{ vhw wkdw lv forvhg xqghu
qrqqhjdwlyh vfdodu pxowlsolfdwlrq1 Iru dq| vhw c frqhE vwdqgv iru wkh vpdoohvw frqyh{ frqh wkdw frqwdlqv 

9

frpsdfw/ S+[, lv d zhdnW 0frpsdfw vhw lq fd+[,> dqg khqfh erwk +u?& , dqg +z?& , pxvw kdyh
+zhdnW 0,frqyhujhqw vxevhtxhqfhv1< Sdvvlqj wr wkhvh vxevhtxhqfhv frqvhfxwlyho|/ zh hqg xs zlwk
frqyhujhqw vxevhtxhqfhv +?&|  ?& ,> +u?&| ,> dqg +z?&| ,= Ohw xv zulwh ?&|  ?& $ > u?&| $ s dqg
|
|
z?&| $ t dv w $ 4= E| frqwlqxlw| ri (> zh kdyh s ( t= Pruhryhu/
?&| +s?&|  t?&| , @ +?&|  ?& ,+u?&|  z?&| , $ +s  t,
|
dv w $ 4= Vlqfh hyhu| vxevhtxhqfh ri d frqyhujhqw vhtxhqfh frqyhujhv wr wkh olplw ri wkh prwkhu
vhtxhqfh/ zh pxvw wkhq kdyh olp ? +s?  t? , @ +s  t, 5 F+(,/ dqg khqfh zh pd| frqfoxgh wkdw
F+(, lv vhtxhqwldoo| zhdnW 0forvhg1
Vlqfh [ lv frpsdfw/ F+[, lv vhsdudeoh/ dqg fd +[, lv htxdo +l1h1/ lvrphwulfdoo| lvrprusklf, wr
wkh wrsrorjlfdo gxdo ri F+[,= Exw e| wkh Nuhlq0pxoldq wkhruhp hyhu| vhtxhqwldoo| zhdnW 0forvhg
frqyh{ vhw lq wkh gxdo ri d vhsdudeoh qruphg vsdfh lv zhdnW 0forvhg143 Frqvhtxhqwo|/ wkh suhylrxv
revhuydwlrq lpsolhv wkdw F+(, lv zhdnW 0forvhg lq fd+[,= n
Zh duh qrz suhsduhg wr suryh wkh wkhruhp1 Ghqh


]
xg  3 iru doo  5 F+(, =
X =@ x 5 F+[, =
Li s ( t/ wkhq s  t 5 F+(, vr wkdw
dq| s dqg t  lq S+[, zlwk
]
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f
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f xgs  f xgt iru doo x 5 X1 Wr hvwdeolvk wkh frqyhuvh/ wdnh
]

xgs 


f

f

xgt 

iru doo x 5 X/

dqg dvvxph wkdw s ( t  grhv qrw krog1 Wklv phdqv wkdw wkh vhwv is  t  j dqg F+(, duh glvmrlqw1
Vlqfh F+(, lv d zhdnW 0forvhg frqyh{ frqh/ wkhq/ e| wkh Kdkq0Edqdfk vhsdudwlrq wkhruhp/ wkhuh
h{lvwv d frqwlqxrxv olqhdu W rq fd+[, dqg d uhdo  vxfk wkdw W +,   A W +s  t  , iru doo
 5 F+(,=44 Vlqfh 3 5 F+(,> zh kdyh 3 @ W +3,   vr wkdw 3 A W +s  t  ,= Pruhryhu/ vlqfh F+(, lv
d frqh/ zh kdyh pW +, @ W +p,   iru dq|  5 F+(, dqg p 5 Q= Wklv lpsolhv wkdw W +,  3 iru
doo  5 F+(,=45 Wkdw lv/ W +,  3 A W +s  t  , iru doo  5 F+(,1 Vlqfh W lv olqhdu dqg frqwlqxrxv lq
U
wkh zhdnW 0wrsrorj|/ wkhuh h{lvwv d y 5 F+[, vxfk wkdw W +, @ f yg iru doo  5 fd+[,=46 Wkxv/
zh kdyh
]
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yg s  t 
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Wklv phdqv wkdw y 5 X dqg
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f

f ygs ? f ygt / zklfk lv d frqwudglfwlrq1 T1H1G1




Vlqfh wkh zhdn 0wrsrorj| rq Ef lv lghqwlfdo wr wkh vwdqgdug wrsrorj| ri zhdn frqyhujhqfh rq Efc wklv lv
dq lpphgldwh frqvhtxhqfh ri wkh Surkrury wkhruhp1 Dowhuqdwlyho|/ rqh fdq vxsso| d qrqsuredelolvwlf surri e| xvlqj
Dodrjox*v wkhruhp1
43
Vhh Phjjlqvrq +4<<;/ s1 5751,/ Fruroodu| 51:1461
44
Vhh Dolsudqwlv dqg Erughu +4<<<,/ Wkhruhp 818;1
45
Wkh odvw wkuhh vhqwhqfhv dqg wkh jhrphwulf irup ri wkh Kdkq0Edqdfk wkhruhp vkrz wkdw d forvhg frqyh{ frqh
fdq eh vwulfwo| vhsdudwhg iurp d srlqw lq lwv h{whulru e| d forvhg k|shusodqh zklfk sdvvhv wkurxjk wkh ruljlq1
46
Vhh Dolsudqwlv dqg Erughu +4<<<,/ Wkhruhp 81;6/ s1 53;1

:

Zh qrz ghwhuplqh lq zkdw vhqvh wkh vhw X irxqg lq wkh deryh uhsuhvhqwdwlrq wkhruhp fdq
eh frqvlghuhg dv xqltxh1 Lw wxuqv rxw wkdw wkhuh lv dfwxdoo| txlwh d wudfwdeoh zd| ri jhqhudol}lqj
wkh xqltxhqhvv sduw ri wkh fodvvlf yrq Qhxpdqq0Prujhqvwhuq wkhruhp lq rxu pxowl0xwlolw| frqwh{w
+hyhq zkhq [ lv qrw qhfhvvdulo| frpsdfw,1 Lqghhg/ li wkh vhwv X dqg Y lq FK +[, uhsuhvhqw d
suhihuhqfh uhodwlrq ( dv lq +4,/ wkhq Y pxvw ehorqj wr wkh forvhg frqyh{ frqh jhqhudwhg e| X dqg
doo frqvwdqw ixqfwlrqv> wklv lv wkh frqwhqw ri wkh iruwkfrplqj xqltxhqhvv wkhruhp147 Wklv lv dq
lpsruwdqw revhuydwlrq d vshfldo fdvh ri zklfk lv wkh vwdqgdug xqltxhqhvv uhvxow ri h{shfwhg xwlolw|
wkhru|= li d vlqjoh xwlolw| ixqfwlrq x lq FK +[, uhsuhvhqwv (> wkhq dqrwkhu vxfk ixqfwlrq lv qhfhvvdulo|
d srvlwlyh d!qh wudqvirupdwlrq ri x=
Wr vwdwh irupdoo| rxu jhqhudo xqltxhqhvv uhvxow rq wkh vhw0ydoxhg h{shfwhg xwlolw| uhsuhvhqwd0
wlrqv/ zh ghqh wkh rshudwru kl = 5K Ef  $ 5K Ef  dv
kXl =@ fo +frqh+X, . i4f jwM+ , >
zkhuh wkh forvxuh rshudwru lv dssolhg zlwk uhvshfw wr wkh zhdn wrsrorj| +ru htxlydohqwo|/ zlwk uhvshfw
wr wkh vxs0qrup wrsrorj| zkhq [ lv frpsdfw,1 Lw lv hdv| wr yhuli| wkdw li X uhsuhvhqwv (> vr grhv
kXl = Wkh iroorzlqj uhvxow whoov xv ixuwkhu wkdw kXl lv lq idfw wkh odujhvw vhw ri xwlolw| ixqfwlrqv lq
FK +[, wkdw uhsuhvhqwv ( dv lq +4,1 Wklv revhuydwlrq fdq eh ylhzhg dv d jhqhudo xqltxhqhvv wkhruhp
iru h{shfwhg pxowl0xwlolw| uhsuhvhqwdwlrqv1
Xqltxhqhvv Wkhruhp1 Wzr qrqhpsw| vhwv X dqg Y lq FK +[, vdwlvi|/ iru hdfk s> t 5 S+[,>
]
]
]
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xgs 
xgt iru doo x 5 X li dqg rqo| li
ygs 
ygt iru doo y 5 Y>

f

f

f

f

li/ dqg rqo| li/ kXl @ kYl =
Surri1 Vlqfh wkh li sduw lv wulyldo/ zh vkdoo suryh khuh rqo| wkh rqo| li sduw1 Vxssrvh
wkdw zh fdq qg d y 5 FK +[, vxfk wkdw y 5 kYl q kXl1 Jlyhq wkdw FK +[, lv hqgrzhg zlwk wkh
zhdn wrsrorj|/ zh pd| dsso| wkh vhsdudwlqj k|shusodqh wkhruhp wr qg d qrq}hur vljqhg phdvxuh
 5 fd +[, vxfk wkdw
]
]
yg A 3 
xg
iru doo x 5 kXl =
+6,
f
U
Wkh odwwhu lqhtxdolwlhv lpso| wkdw 3  f 4f g @ +[, iru doo uhdo > dqg khqfh zh kdyh
+[, @ 3= Ri frxuvh/ zh kdyh  @ n  3 iru vrph qlwh Eruho phdvxuhv n dqg 3 rq [1
E| wkh suhylrxv revhuydwlrq/ n +[, @ 3 +[, @ f  3= Vlqfh f @ 3 zrxog lpso| wkdw  @ 3> zh
pxvw dfwxdoo| kdyh f A 31 Wkxv s =@ n @f dqg t =@ 3 @f ehorqj wr S+[,= Vr/ e| +6,/ zh jhw
U
U
U
U
ygs
A
ygt
dqg
xgs

f
f
f
f xgt iru doo x 5 kXl/ zklfk lv d frqwudglfwlrq1 T1H1G1

f

Zh frqfoxgh wkh suhvhqw glvfxvvlrq zlwk d qxpehu ri frpsohphqwdu| frpphqwv1
Uhpdun 41 +Suhihuhqfhv ryhu Prqhwdu| Orwwhulhv, Dq lpsruwdqw vshfldo fdvh ri wkh
suhvhqw vhwxs zklfk lv zlgho| xvhg lq dssolfdwlrqv lv wkh fdvh ri prqhwdu| orwwhulhv zkhuh [ lv d
47

D qxpehu ri yhuvlrqv dqg vshfldo fdvhv ri wklv uhvxow kdyh dfwxdoo| ehhq qrwhg hovhzkhuh lq wkh olwhudwxuh> vhh/ iru
lqvwdqfh/ P oohu +4<<:,/ Fdvwdjqrol dqg Pdffkhurql +4<<;,/ dqg Gxeud dqg Rn +4<<<,1

;

forvhg lqwhuydo lq wkh uhdo olqh/ vd|/ [ @ ^3> 4`= Vlqfh lq wklv fdvh lw lv qdwxudo wr lqfrusrudwh wkh lghd
wkdw pruh prqh| lv suhihuuhg wr ohvv/ rqh vkrxog h{dplqh wkh vwuxfwxuh ri wkh suhihuhqfh uhodwlrqv
( rq S^3> 4` vxfk wkdw s "IVG t lpsolhv s " t iru doo s> t 5 S+[,> zkhuh "IVG lv wkh luuh h{lyh sduw
ri wkh uvw rughu vwrfkdvwlf grplqdqfh uhodwlrq (IVG rq S^3> 4`= Wkh txhvwlrq lv wkhq wr ghwhuplqh
wkh vwuxfwxuh ri suhihuhqfhv wkdw vdwlvi| qrw rqo| wkh d{lrpv ri lqghshqghqfh dqg frqwlqxlw|/ exw
dovr wklv prqrwrqlflw| frqglwlrq1 Wr dqvzhu wklv txhvwlrq ohw xv djuhh wr fdoo d vhw X lq Uf vwulfwo|
lqfuhdvlqj/ li hdfk x 5 X lv lqfuhdvlqj/ dqg li 3  d ? e  4 lpsolhv x+d, ? x+e, iru vrph x 5 X=
Wkh iroorzlqj lv dq lpsruwdqw fruroodu| ri rxu pdlq uhsuhvhqwdwlrq wkhruhp1
H{shfwhg Pxowl0Xwlolw| Wkhruhp rq S^3> 4`= Ohw ( eh d suhihuhqfh uhodwlrq rq S^3> 4`= (
vdwlvhv wkh lqghshqghqfh/ frqwlqxlw| dqg prqrwrqlflw| d{lrpv li/ dqg rqo| li/ wkhuh h{lvwv d vwulfwo|
lqfuhdvlqj vhw X  F^3> 4` vxfk wkdw +4, krogv iru hdfk s> t 5 S^3> 4`=
Jlyhq wkh jhqhudo h{shfwhg pxowl0xwlolw| wkhruhp zh kdyh suryhg deryh/ doo zh qhhg wr gr khuh
lv wr yhuli| wkh prqrwrqlflw| ri d suhihuhqfh uhodwlrq ( iru zklfk wkhuh h{lvwv d vwulfwo| lqfuhdvlqj
X lq F^3> 4` vxfk wkdw +4, krogv iru hdfk s> t 5 S^3> 4`= Wdnh dq| s> t 5 S^3> 4` zlwk s "IVG t1 Wkhq
IR3 A I^3 > wkdw lv/ IR3 +v,  I^3 +v, iru doo v 5 +3> 4, dqg IR3 +vW , A I^3 +vW , iru vrph vW 5




+3> 4,=48 Vlqfh X lv vwulfwo| lqfuhdvlqj/ wkhuh h{lvwv d xW 5 X vxfk wkdw xW IR3 +vW , A xW I^3 +vW , /
vr wkdw xW  IR3 A xW  I^3 1 Exw xW  IR3 dqg xW  I^3 duh ohiw frqwlqxrxv/ dqg khqfh
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x I^3 +v, gv @
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Pruhryhu +vlqfh X frqvlvwv ri lqfuhdvlqj ixqfwlrqv,/
pd| frqfoxgh wkdw s " t1 n
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c xgs 

df o

U

c
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xW gt=

c xgt iru doo x 5 X1 Khqfh zh

df o

Uhpdun 51 +Wkh H{whqvlrq Dssurdfk, Dv qrwhg lq wkh Lqwurgxfwlrq/ hduolhu vwxglhv rq
uhod{lqj wkh frpsohwhqhvv d{lrp zlwklq wkh sdudgljp ri h{shfwhg xwlolw| kdyh irfxvhg rq wkh
sureohp ri h{whqglqj d suhihuhqfh uhodwlrq wkdw vdwlvhv wkh lqghshqghqfh dqg +ydulrxv irupv ri,
wkh frqwlqxlw| d{lrpv lq vxfk d zd| wkdw wkh h{whqghg uhodwlrq dgplwv d yrq Qhxpdqq0Prujhqvwhuq
uhsuhvhqwdwlrq1 Wkh lpsruwdqw zrun ri Dxpdqq +4<95,/ lq sduwlfxodu/ lv jhduhg wrzdugv qglqj d
ixqfwlrq x = [ $ U> uhihuuhg wr dv dq Dxpdqq xwlolw| ehorz/ vxfk wkdw
+
,]
+
,
]
A
"
xgs
xgt
s
t lpsolhv
@

f
f
iru doo s> t 5 S+[,= D pdmru glvdgydqwdjh ri wklv dssurdfk lv wkdw rqh fdqqrw uhfryhu wkh suhihuhqfh
uhodwlrq ( iurp lwv Dxpdqq xwlolw|1 Vr/ lq frqwudvw wr X lq +4,/ wkh lqirupdwlrq frqwdlqhg lq dq
Dxpdqq xwlolw| iru ( lv vwulfwo| ohvv wkdq (1 Pd{lpl}dwlrq ri dq h{shfwhg Dxpdqq xwlolw| rq d

3

48

Wkh svhxgrlqyhuvh glvwulexwlrq ixqfwlrq ri d suredelolw| phdvxuh R M dfc o lv ghqhg e| 8R  Er G'
4? t| M dfc o G R Edfc |o D r iru doo r M Efc   Lw lv hdvlo| fkhfnhg wr eh lqfuhdvlqj dqg ohiw frqwlqxrxv1 Pruhryhu/
U
U 

svhxgrxqyhuvhv glvsod| wkhvh wzr xvhixo ihdwxuhv= +l, dfco _R ' f  8R  Er _r iru doo  M dfc o/ dqg +ll, R (I V G ^
l 8R  D 8^  1

3

3

3

<

jlyhq frqvwudlqw vhw V ohdgv wr d (0pd{lpdo hohphqw lq V> zkhuhdv wkh yhfwru0pd{lpl}dwlrq ri doo
h{shfwhg phpehuv ri X ohdgv wr wkh vhw ri doo (0pd{lpdo hohphqwv lq V=
Lw lv/ krzhyhu/ vwloo zruwk nqrzlqj li dq Dxpdqq xwlolw| h{lvwv lq wkh suhvhqw frqwh{w1 Iruwx0
qdwho|/ prvwo| ehfdxvh zh zrun zlwk d frqwlqxlw| frqglwlrq vwurqjhu wkdq wkdw dgrswhg e| Dxpdqq/
wkh dqvzhu lv |hv149
Wkhruhp1 Ohw [ eh d frpsdfw phwulf vsdfh/ dqg ohw ( eh d suhihuhqfh uhodwlrq rq S+[,= Li
( vdwlvhv wkh lqghshqghqfh dqg frqwlqxlw| d{lrpv/ wkhq lw pxvw srvvhvv d frqwlqxrxv Dxpdqq
xwlolw|1
Wr suryh wklv/ zh dsso| wkh h{shfwhg pxowl0xwlolw| wkhruhp wr qg d vhw X lq F+[, vxfk wkdw
+4, krogv iru doo s> t 5 S+[,= Wkdqnv wr wkh Zhlhuvwudvv wkhruhp/ lw lv zlwkrxw orvv ri jhqhudolw| wr
dvvxph wkdw x  3 iru doo x 5 X1 Vlqfh [ lv frpsdfw/ F+[, lv vhsdudeoh/ dqg khqfh X lv lwvhoi d
vhsdudeoh phwulf vsdfh1 Ohw iy > y2 > ===j eh d ghqvh vhw lq X= Lw lv uhdglo| yhulhg wkdw
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Uhpdun 61 +Wkh Dojheudlf Dssurdfk, Ghvslwh wkh txrwdwlrq e| yrq Qhxpdqq dqg Pru0
jhqvwhuq +4<77, phqwlrqhg lq wkh Lqwurgxfwlrq/ d qrwlrq ri h{shfwhg xwlolw| uhsuhvhqwdwlrq e| phdqv
ri d vhw ri xwlolw| ixqfwlrqv kdv/ wr wkh ehvw ri rxu nqrzohgjh/ qrw vwxglhg lq wkh olwhudwxuh vr idu1
Krzhyhu/ zh vkrxog qrwh wkdw Vkdsoh| dqg Edxfhoov +4<<;, dgydqfh d uhsuhvhqwdwlrq qrwlrq zklfk
dfwxdoo| dgplwv wkh fruuhvsrqglqj qrwlrq zh lqwurgxfhg khuh dv d vshfldo fdvh1 Wkhvh dxwkruv
lghqwli| frqglwlrqv iru d suhihuhqfh uhodwlrq ( rq S+[, +dfwxdoo| rq dq duelwudu| pl{wxuh vsdfh, wr
kdyh d uhsuhvhqwdwlrq ri wkh irup
s(t

li dqg rqo| li

W +s,  W +t,

iru doo W 5
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Wklv lv shukdsv vrphzkdw vxusulvlqj/ ehfdxvh rqh pdmru phvvdjh ri Dxpdqq +4<95, lv wkdw dq h{shfwhg xwlolw|
wkhru| zlwkrxw wkh frpsohwhqhvv d{lrp fdqqrw eh sxuvxhg dorqj wkh h{whqvlrq dssurdfk/ zkhq f lv lqqlwh1 Krzhyhu/
vlqfh Dxpdqq*v uhodwhg h{dpsoh grhv qrw zrun iru d vsdfh ri orwwhulhv +lw lv suryhg lq wkh pl{wxuh vsdfh + ,/ wkhuh
lv uhdvrq wr eholhyh wkdw wkh vdlg phvvdjh lv lq idfw ryhuo| shvvlplvwlf1 Zkdw lv pruh/ zlwk d voljkw vwuhqjwkhqlqj ri
wkh frqwlqxlw| d{lrp +dv zh dgrswhg khuh,/ erwk wkh h{whqvlrq dqg wkh pxowl0xwlolw| dssurdfkhv vwdqg vwurqj/ dw ohdvw
lq wkh fdvh ri orwwhulhv ghqhg ryhu dq duelwudu| frpsdfw phwulf vsdfh1

"
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zkhuh lv d qrqhpsw| vhw ri d!qh ixqfwlrqdov rq S+[,= Wkh dssurdfk ri Vkdsoh| dqg Edxfhoov
frqwudvwv zlwk wkh suhvhqw rqh lq wkdw lw lv dojheudlf dv rssrvhg wr wrsrorjlfdo1 Zkloh shqhwudwlqj/
lw lv dv vxfk qrw lpphgldwho| xvhixo lq ghdolqj zlwk wkh sureohp ri h{shfwhg pxowl0xwlolw| uhsuh0
vhqwdwlrq ri lqfrpsohwh suhihuhqfhv/ iru lw vd|v olwwoh derxw zkhq wkh ixqfwlrqdov W lq
fdq eh
W
fkrvhq wr eh frqwlqxrxv lq wkh zhdn 0wrsrorj| +ru sxw glhuhqwo|/ zkhq F+(, fdq eh h{suhvvhg
dv dq lqwhuvhfwlrq ri kdoi vsdfhv wkh fruuhvsrqglqj k|shusodqhv ri zklfk duh qrw ghqvh lq fd+[,,=
Pruhryhu/ Vkdsoh|0Edxfhoov dssurdfk lv edvhg rq d fuxfldo surshuqhvv dvvxpswlrq zklfk/ e| ghi0
lqlwlrq/ hqvxuhv wkdw wkh frqh F+(, kdv d qrqhpsw| dojheudlf lqwhulru1 Xqiruwxqdwho|/ lw lv qrw dw doo
hdv| wr vhh zkdw vruw ri d sulplwlyh d{lrp rq d suhihuhqfh uhodwlrq zrxog vxssruw vxfk d whfkqlfdo
uhtxluhphqw1 n
Uhpdun 71 +Odujhu Fodvvhv ri Sul}h Vsdfhv, Zkloh rxu pdlq uhsuhvhqwdwlrq wkhruhp lv
vwurqj hqrxjk wr fryhu doprvw doo fdvhv ri lqwhuhvw/ lw grhv qrw ixqfwlrq lq wkh jhqhudo grpdlq wkdw
wkh fodvvlfdo h{shfwhg xwlolw| wkhruhp ixqfwlrqv/ qdpho|/ iru suhihuhqfhv ghqhg ryhu orwwhulhv rq
dq duelwudu| Srolvk vsdfh1 Zkhwkhu rxu uhvxow fdq eh h{whqghg wr wklv jhqhudo grpdlq lv suhvhqwo|
dq rshq whfkqlfdo sureohp1 Lw pd| eh zruwk qrwlqj wkdw wkh pdlq gl!fxow| rq wklv uhjdug lv wkdw/
zkhq [ lv qrw frpsdfw/ wkh qdwxudo wrsrorjlhv rq FK +[, dqg fd+[, +lqgxfhg e| wkh gxdo sdlu
U
vwuxfwxuh +FK +[,> fd+[,, xqghu wkh gxdolw| pds +i> , :$ f i g, glhuv iurp wkh vwdqgdug zhdn
dqg zhdnW 0wrsrorjlhv +lqgxfhg e| wkh vxs0qrup,1 Wklv/ lq wxuq/ lqydolgdwhv wkh dujxphqwv jlyhq lq
Fodlp 7 ri wkh surri ri rxu pdlq wkhruhp> lq sduwlfxodu/ wkh xvh ri wkh Nuhlq0pxoldq wkhruhp lv
qrw zduudqwhg dq|pruh1 n
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